Let g be a semi-simple Lie algebra with fixed root system, and U q pgq the quantization of its universal enveloping algebra. Let S be a subset of the simple roots of g. We show that the defining relations for U q pgq can be slightly modified in such a way that the resulting algebra U q pg; Sq allows a homomorphism onto (an extension of) the algebra PolpG q {K S,q q of functions on the quantum flag manifold G q {K S,q corresponding to S. Moreover, this homomorphism is equivariant with respect to a natural adjoint action of U q pgq on U q pg; Sq and the standard action of U q pgq on PolpG q {K S,q q.
Introduction
Let G be a semi-simple simply connected compact Lie group with Lie algebra g. As was observed by Drinfel'd [5] , see also [7] , the Drinfel'd-Jimbo quantization U q pgq of the universal enveloping algebra Upgq can also be seen as a quantization of the function algebra on the Poisson-Lie dual G˚of G. In this way, U q pgq and its collection of irreducible representations can be interpreted as a quantization of G˚and its collection of symplectic leaves, an interpretation connected with Kirillov's orbit method. In a similar spirit, a flag manifold G{K, being identified with some coadjoint orbit in g˚, is sometimes viewed as a limit of the irreducible quotients of Upgq when the dimension tends to infinity, an idea made precise in [13, 16] .
In [6] , see also [14] , flag manifolds were considered with a Poisson structure obtained from the associated dynamical r-matrix together with a character on the Lie algebra of the stabilizer. In case this data satisfied a certain regularity condition, it was shown (in the formal deformation setting) that the quantization of this flag manifold could be constructed as a quotient by the kernel of a representation on a suitable generalized Verma module.
We contribute to this circle of ideas by showing that the relations of U q pgq can be modified as to produce an algebra U q pg; Sq which projects onto (an extension of) the algebra PolpG q {K S,of functions on the quantum flag manifold G q {K S,q associated with a set S of simple roots. The algebras U q pg; Sq are particular examples of algebras studied in [2] . They can be obtained by an appropriate rescaling of the generators of U q pgq and sending the parameters to 0. The key observation is that this rescaling is invariant with respect to the natural adjoint action of U q pgq on itself. This endows the limit algebra U q pg; Sq with a natural action of U q pgq. It then suffices to define our homomorphism on the Cartan subalgebra of the limit algebra, and to use equivariance to extend it to the whole algebra.
A part of our main theorem could be easily deduced from known results. Namely, in the full flag manifold case a closely related isomorphism of U q pb˘q onto (a localization of) a subalgebra of PolpGwas constructed by De Concini and Procesi in [4, Section 2] (and a similar, but different, isomorphism earlier in [3, Theorem 4.6] ), see also [20, Theorem 3.7] and [12, Theorem 17] for recent different proofs. Our proof is, however, independent of these results, and in the full flag manifold case it is quite short anyways.
As we do not work in the formal deformation setting, and as our methods are more direct, we make no precise connection with the work of [6] . The extension of our work to the case of quantum homogeneous spaces coming from non-standard Poisson structures would certainly be interesting, especially in connection with real structures [2] , but will be left for a future occasion.
The article consists of two sections. In the first section, we recall the structure and representation theory of the quantized universal enveloping algebras U q pgq and their duals, the quantum function algebras PolpG. In the second section, we then derive our main result. We construct particular elements in the algebra PolpG q {K S,q q, and show that they display a U q pgq-like behavior. Upon passing to a slightly larger version of PolpG q {K S,q q, we show that the latter algebra can indeed be realized as a quotient of a degenerate version of U q pgq.
Preliminaries
We fix a complex semi-simple Lie algebra g of rank l, pick a fixed Cartan subalgebra h and write the Cartan decomposition as g " n´' h ' n`. We write b " b`" h ' n`, and b´" n´' h. We label the set Φ`of simple positive roots by the set I " t1, . . . , lu, and write Φ`" tα r | r P Iu. We denote by Q`its Z`-span, by Q its Z-span (the root lattice) and by hR its R-span. We let p , q be any positive definite form on hR for which A " pa rs q r,sPI " ppα _ r , α sr,sPI is the Cartan matrix of g, where α _ " 2 pα,αq α for α P Φ`. We write Φd " tω r | r P Iu for the set of fundamental weights in hR, so pω r , α _ s q " δ rs . The Z`-span of Φd is denoted P`, its Z-span P (the weight lattice).
We further fix a deformation parameter 0 ă q ă 1, and write q r " q pαr ,αr q 2 for r P Φ`. We remark that if in what follows we ignore the˚-structure, our main result can be easily extended to the case of complex q ‰ 0 such that q r are not roots of unity.
For m ě n ě 0, we write
Quantized universal enveloping algebras
The following treatment of the algebraic structure of quantized universal enveloping (QUE) algebras is mainly based on [9, Sections 2-4] (note that our q is their q 2 .) Definition 1.1. We defineŨ q pbq to be the universal unital algebra generated by elements E r , r P I, as well as elements L ω , ω P P , such that for all r P I and ω, χ P P , we have
There exists a unique Hopf algebra structure pŨ q pbq, ∆q onŨ q pbq such that ∆pL ω q "
The co-unit ε is determined by εpE r q " 0 for all r and εpL ω q " 1 for all ω, while the antipode S satisfies SpL ω q " L´1 ω and SpE r q "´q r E r .
AsŨ q pbq is a Hopf algebra, it carries a right adjoint action
where we have used the Sweedler notation ∆pxq " x p1q b x p2q . In this way,Ũ q pbq becomes a rightŨ q pbq-module algebra over itself. In the following, we will denote U q pb`q for U q pbq with the above coproduct, and U q pb´q for U q pbq with the opposite coproduct. The generators of U q pb´q will then be written tF r , L 1 ω u. Definition 1.4. We define U q pgq to be the unital algebra with the universal property that it contains and is generated by U q pb`q and U q pb´q as subalgebras, and with
It is known that the homomorphisms of U q pb`q and U q pb´q into U q pgq are faithful, see e.g. Finally, we define a Hopf˚-algebra structure pU q pgq, ∆q on U q pgq such that ∆ coincides with the above coproduct on U q pb`q and U q pb´q, and with the˚-structure given by Er " F r and Lω " L ω .
Remark 1.5. The above version of U q pgq is sometimes referred to as the 'simply connected version' of the QUE algebra, since the Cartan subalgebra is generated by the weight lattice (cf. [1, Remark 4 following Definition-Proposition 9.1.1]). One can also work with the root lattice in the above definition, in which case one obtains a smaller Hopf˚-algebra which we will denote byǓ q pgq.
The antipode on U q pgq is given by SpL ω q " L´ω, SpE r q "´q r E r , SpF r q "´q´1 r F r .
A simple computation shows that if we let ρ " ř i ω i , then L´1 4ρ xL´4 ρ " S 2 pxq for all x P U q pgq.
It will also be convenient to use the unitary antipode, defined by Rpxq " L´2 ρ SpxqL 2ρ , so R is an involutive˚-anti-automorphism of U q pgq such that RpL ω q " L´ω, RpE r q "´E r , RpF r q "´F r .
Representation theory of quantized enveloping algebras
We now recall basic facts about the representation theory of U q pgq, see e.g. [1, Chapter 10] .
By a type I representation of U q pgq we will mean a unital˚-representation of U q pgq on a finite-dimensional Hilbert space V such that the operators L ω are positive. For such a V , we say that ξ P V is a vector of weight λ if ξ is non-zero and L ω ξ " q 1 2 pω,λq ξ for all ω. We denote by V pλq the space of vectors of weight λ. If ξ is a weight vector, we will denote its weight by wtpξq. Any type I representation is a direct sum of its weight subspaces V pλq. The type I-representations of U q pgq andǓ q pgq coincide.
We denote byV the complex conjugate Hilbert space equipped with the representation defined by xξ " Rpx˚qξ, where R is the unitary antipode.
We say that ξ is a highest weight vector of weight λ if it is a vector of weight λ which is annihilated by all E r . A type I representation is irreducible if and only if it is generated by a highest weight vector. Moreover, λ appears as a highest weight for some irreducible type I-representation if and only if λ P P`. If λ is a positive integral weight, we write V λ for the associated irreducible module. ThenV λ -V´w 0 λ , where w 0 is the longest element in the Weyl group of g. We will once and for all choose unit norm highest weight vectors h λ for each V λ . Thenh λ will be a lowest weight vector inV λ of weight´λ.
and consider U q pgq Ď U q pgq in the natural way. We can equip U q pgq with a 'coproduct' ∆ into
BpV ω q b BpV λsuch that its restriction to U q pgq becomes the ordinary coproduct. It is clear that any type I representation of U q pgq can be extended uniquely to U q pgq, and similarly tensor products of type I-representations for U q pgq bn can be extended uniquely to U q pgqb n .
With our conventions, the universal R-matrix R is then an element of U q pgqbU q pgq, uniquely determined by the conditions that R∆pxqR´1 " ∆ op pxq for all x P U q pgq and
An explicit formula for R can be found e.g. in [1, Theorem 8.3.9] . The only thing we will need is that the R-matrix has the form R " QR, where
and where the additional terms ofR map
Quantized semi-simple compact Lie groups
We now turn to a Hopf algebra dual of U q pgq, see e.g. [11, 15] .
The unital˚-algebra PolpGis defined as the subspace of U q pgq˚spanned by the linear functionals of the form Upξ, ηq : x Þ Ñ xξ, xηy, where ξ, η belong to a type I representation V of U q pgq (clearly, we assume that Hermitian scalar products are linear in the second variable). It is a Hopf˚-algebra with the product/coproduct dual to the coproduct/product of U q pgq, and with the˚-operation given by ω˚pxq " ωpSpxq˚q. Recalling that the module structure onV is defined using the unitary antipode, we can also write Upξ, ηq˚" q´p ρ,wtpξq´wtpηqq Upξ,ηq.
( 1.3)
The symbol G q should be seen as a quantization of the simply connected compact Lie group integrating the compact form of g.
The˚-algebra PolpGis a U q pgq-bimodule˚-algebra, by means of the module structures
Lemma 1.6. Let V i be type I representations, and
Proof. Straightforward from the fact that R and R´1 21 flip the coproduct, and the fact that R˚" R 21 (cf. [15, Example 2.6.4]).
The˚-algebra PolpGhas as well an interesting and tractable representation theory. Consider first the case where g " slp2, Cq, in which case we let I consist of the empty symbol, and assume that pα, αq " 2. We then write G q " SU q p2q. As usual, we label weights by half-integers. Write h 1{2 P V 1{2 for the highest weight vector and
s unitary in PolpSU q p2qq b M 2 pCq, with c "´qb˚and d " a˚. Moreover, these relations together with the unitarity of the above matrix provide universal relations for PolpSU q p2qq. It is then easy to find all irreducible representations of PolpSU q p2qq. There is one family of one-dimensional representations θ z for z P T " tw P C | |w| " 1u, given by
Apart from this, there is only one other one-parameter family of irreducible representations θ b θ z , where θ is the representation of PolpSU q p2qq on l 2 pZ`q by the operators ae n " p1´q 2n q 1{2 e n´1 , be n " q n e n .
Consider now a general PolpG. Then U q pgq contains a copy of the Hopf˚-algebrǎ U qr pslp2, Cqq, generated by the elements E r , F r and L˘1 αr . It follows that one has a natural Hopf˚-algebra homomorphism π r : PolpGÑ PolpSU qr p2qq.
Denote by θ r the composition of π r with the irreducible representation θ of PolpSU qr p2qq on l 2 pZ`q. Let s i denote the reflections around simple roots in hR, and let w " s i 1¨¨¨s i lpwq be a reduced expression for an element w in the Weyl group W of g, where lpwq is the length of w. Then we can form the representation
The equivalence class of this representation is independent of the presentation of w. One, moreover, has a family of one-dimensional representations θ z labeled by z " pz 1 , . . . , z l q P T l and determined by
Then any irreducible representation of PolpGis equivalent to one of the form θ w,z " pθ w b θ z q∆ on the Hilbert space H w,z " ℓ 2 pZ`q blpwq , and these representations are all mutually inequivalent.
Soibelman's proof of these results [17, 11] is based on an analysis of operators Uph wλ , h λ q, where h wλ is a fixed unit vector in the one-dimensional space V λ pwλq. For our purposes it will be more convenient to use the operators Uph λ , h w´1λ q. In fact, in our conventions these operators are more natural, since they are of norm one. Proposition 1.7. Let w P W be an element of the Weyl group and λ P P`. Then Proof. This is similar to the results in [17] . We will sketch a proof for the reader's convenience. The proof is by induction on lpwq. Assume the result is true for w and let's prove it for ws i such that lpws i q ą lpwq. Take η P V λ . Choose an orthonormal basis tξ j u j in V λ such that each ξ j either lies in or is orthogonal to U q pb`qh s i w´1λ . We have
Since lps i w´1q ą lpw´1q, by [8, Lemma 4.4.3(v) ] the U q pb`q-module U q pb`qh s i w´1λ contains U q pb`qh w´1λ and is aǓ q i pslp2, Cqq-module. By the inductive assumption and the definition of θ i it follows that if the summand corresponding to an index j in the above expression is nonzero, then ξ j P U q pb`qh w´1λ Ď U q pb`qh s i w´1λ and η is not orthogonal toǓ q i pslp2, Cqqξ j Ď U q pb`qh s i w´1λ . This proves (1)
where z is a scalar factor of modulus 1 and b is the element Uph 1{2 , h´1 {2 q P PolpSU q i p2qq.
Using induction this allows one to explicitly compute θ ws i pUph λ , h s i w´1λand prove (2).
Corollary 1.8. Assume w P W and λ P P`. Then for all weight vectors ξ, η in a type I U q pgq-module V we have Upξ, ηqUph λ , h w´1λ q " q´p λ,wtpξq´wwtpηqq Uph λ , h w´1λ qUpξ, ηq mod ker θ w , Upξ, ηq˚Uph λ , h w´1λ q " q pλ,wtpξq´wwtpηqq Uph λ , h w´1λ qUpξ, ηq˚mod ker θ w .
Proof. The first identity follows from Lemma 1.6, since by (1.2) we have R´1ph λ b ξq " q´p λ,wtpξqq h λ b ξ, while R 21 ph w´1λ b ηq is equal to q pλ,wwtpηqq h w´1λ b η plus vectors in V λ pw´1λ´αq b V pwtpηq`αq for α P Q`zt0u, which produce matrix elements in the kernel of θ w . The second equality follows from the first one by recalling that by (1.3) the element Upξ, ηq˚coincides with Upξ,ηq up to a scalar factor.
Quantum subgroups of quantized semi-simple compact Lie groups
Let S Ď Φ`be an arbitrary subset. Write U q pk S q for the Hopf˚-subalgebra of U q pgq generated by all L ω and all E r , F r with r P S.
Write PolpK S,Ď U q pk S q˚for the resulting quotient of PolpG, with quotient map π S . We write PolpG q {K S," tx P PolpG| pid bπ S q∆pxq " x b 1u, and call G q {K S,q the associated quantum homogeneous space, or more specifically the quantum flag manifold associated to S. If S " H, we call G q {T l the full quantum flag manifold of G q . For general S, the algebra PolpG q {K S,is a left coideal, in that ∆pPolpG q {K S,Ď PolpGb PolpG q {K S,q q.
2 Commutation relations in PolpG q {K S,q q
In the following we fix S Ď Φ`. Whenever convenient, we will drop the S from the notation.
An algebra of functions on the quantum big Schubert cell
Denote by W S the subgroup of the Weyl group generated by the simple reflections s i corresponding to α i P S. Let w be the shortest element in w 0 W S , where w 0 denotes the longest element in W . It is known that θ w is an irreducible faithful representation of PolpG q {K S,[18, Theorem 5.9]. Because of this we will drop the notation θ w when applied to elements of PolpG q {K S,whenever it is convenient. Definition 2.1. For λ P P`define k´4 λ P PolpG q {K S,as the unique element such that k´4 λ " Uph λ , h w´1λ q˚Uph λ , h w´1λ q mod ker θ w .
Of course, we have to check that such elements exist. First of all, by (1.3) we have
Now, consider the lowest weight U q pk S q-module V " U q pk S qh w 0 λ Ď V λ . Let w S,0 be the longest element in W S . Then w S,0 w´1λ " w 0 λ, so the highest weight of the U q pk S qmodule V is w´1λ. Hence h w´1λ is a highest weight vector of this module. The U q pk S qmoduleV b V contains a U q pk S q-invariant vector v λ ‰ 0, unique up to a scalar factor. We normalize this vector v λ so that xv λ ,h w´1λ b h w´1λ y " 1. Since V contains only vectors of weights not larger than w´1λ, and the vector v λ is of weight zero, we have
By Proposition 1.7(1) we conclude that
Remark 2.2. A byproduct of this argument is that, up to a normalization, k´4 λ is equal to p S ✄ pUph λ , h w 0 λ q˚Uph λ , h w 0 λ qq, where p S P U q pgq is the element acting as the orthogonal projection onto the space of U q pk S q-invariant vectors.
For some weights λ P P`the vector h w´1λ is already of lowest weight in V λ , so that v λ " h w´1λ b h w´1λ . Namely, this happens if and only if w´1λ is fixed by W S , or equivalently, w 0 λ is fixed by W S . To describe a class of such weights, define an involution on P bȳ
Denote by P pS c q the subgroup of P generated by the fundamental weights ω r corresponding to α r P S c " Φ`zS, and put P`pS c q " P pS c q X P`. Then all weights in P pS c q are fixed by W S . Therefore k´4 λ " Uph λ , h w´1λ q˚Uph λ , h w´1λ q " Uph λ , h w 0 λ q˚Uph λ , h w 0 λ q ifλ P P`pS c q.
The elements Uph λ , h w 0 λ q˚Uph λ , h w 0 λ q withλ P P pS c q are known to generate PolpG q {K S,as a right U q pgq-module [19, Theorem 2.5]. We thus get the following. Proposition 2.3. The elements k´4 λ ,λ P P`pS c q, generate PolpG q {K S,as a right U q pgq-module.
Let us now establish some basic commutation relations for the elements k´4 λ .
Lemma 2.4. We have:
1) k´4 λ k´4 µ " k´4 pλ`µq for all λ, µ P P`;
2) if ξ is a weight vector in a type I U q pgq-module V and η P V is a U q pk S q-invariant vector, then k´4 λ Upξ, ηq " q 2pλ,wtpξqq Upξ, ηqk´4 λ .
Proof. Part (1) follows from the proof of Proposition 1.7(2). Alternatively, this follows from the corresponding result for the elements Uph λ , h w´1λ q˚Uph λ , h w´1λ q, which in turn can be proved analogously to (or deduced from) [8, 9.1.10].
Part (2) follows from Corollary 1.8, since η is necessarily of weight zero and Upξ, ηq P PolpG q {K S,q q.
For λ P P`put k´λ " k 1{4 4λ P CpG q {K S,q q, where CpG q {K S,denotes the universal C˚-envelope of PolpG. 1 In view of part (1) of the above lemma this definition is unambiguous. We can then consider the˚-algebra obtained by adjoining to PolpG q {K S,the elements k´λ and their (formal) inverses k λ . By multiplicativity, we can extend the definition of k λ to all λ P P .
To obtain a concrete realization of this algebra, let V S Ď H w " ℓ 2 pZ`q blpwq be the algebraic subspace spanned by the standard basis of the Hilbert space ℓ 2 pZ`q blpwq , or equivalently and more canonically, by the joint eigenvectors of the operators θ w pk´4 λ q for λ P P`. Then we may identify PolpG q {K S,with a subalgebra of EndpV S q by means of θ w . The operators k λ , λ P P , are well-defined and invertible on V S , so we can make the following definition.
Definition 2.5. We denote by PolpG q {K S,ext the subalgebra of EndpV S q generated by PolpG q {K S,and the self-adjoint operators k λ , λ P P .
The˚-algebra PolpG q {K S,ext can be thought of as an algebra of functions on the big Schubert cell of G q {K S,q , considered as a real manifold.
As we will see later, the following elements together with k λ , λ P P , form generators of PolpG q {K S,ext . Definition 2.6. For r P I, we define xr " pq´1 r´q r q´1pk´4 ωr ✁ E r qk 4ωr´αr P PolpG q {K S,ext , and then define xŕ " pxr q˚.
To get an explicit expression, for λ P P`we compute:
By Proposition 1.7(1) we therefore get
Uph λ , h w´1λ q˚UpF r h λ , h w´1λ q mod ker θ w .
Thus, letting λ " ω r , we get xr " q 1{2 r pq´1 r´q r q´1θ w pUph ωr , h w´1ωr q˚UpF r h ωr , h w´1ωr qqk 4ωr´αr .
(2.4)
Degenerate quantized universal enveloping algebra
Put ε r " 1 ifᾱ r P S and ε r " 0 ifᾱ r R S (cf. (2.3) ).
Definition 2.7. Denote by U q pg; Sq the unital algebra with the universal property that it contains and is generated by U q pb`q and U q pb´q as subalgebras, and with L´1 ω " L The algebra U q pg; Sq is a particular example of algebras studied in [2] . It can be seen as a degeneration of U q pgq. Indeed, let b : P Ñ R˚be a (multiplicative) character on the weight lattice. Then upon writing
while the other commutation relations remain unchanged. Letting the appropriate b αr tend to zero, we obtain the commutation relations for U q pg; Sq.
Note that the above rescaling is invariant with respect to the adjoint action ✁. It follows that there is a limit action of U q pgq on U q pg; Sq, see [2] . Namely, this action is characterized by the property that if x P U q pg; Sq and y P U q pb˘q Ď U q pgq, then x ✁ y " Spy p1q qxy p2q .
We can now formulate our main result.
Theorem 2.8. There is a surjective unital˚-homomorphism
Ψ : U q pg; Sq Ñ PolpG q {K S,ext such that ΨpL ω q " k ω , ΨpE r q " xr and ΨpF r q " xŕ for all ω P P and r P I. This homomorphism has the following properties:
1) the right action of U q pgq on PolpG q {K S,extends uniquely to an action on the algebra PolpG q {K S,ext such that the homomorphism Ψ becomes U q pgq-equivariant;
2) the subalgebra U q pg; Sq fin Ď U q pg; Sq of locally finite vectors with respect to the action of U q pgq is mapped onto PolpG q {K S,q q.
To put this differently, if we denote by V S the unique irreducible highest weight U q pg; Sqmodule with highest weight 0 (see [2] ), then the image of U q pg; Sq fin in EndpV S q is U q pgqequivariantly isomorphic to PolpG q {K S,q q.
Proof of the theorem
We will prove the theorem in a series of steps. It will be convenient to use the following definition.
Definition 2.9. We say that an operator a P EndpV S q is of weight ω if k λ ak´λ " q pλ,ωq{2 a for all λ P P .
Then an equivalent formulation of Lemma 2.4(2) is that if a P PolpG q {K S,is such that a ✁ L λ " q´p λ,ωq{2 a for all λ P P , then a is of weight ω.
Lemma 2.10. For all a P PolpG q {K S,q q, we have a ✁ E r "´q r xr ak αr`kαr axr .
Similarly, a ✁ F r "´q´1 r xŕ ak αr`kαr axŕ . (2.6)
Proof. As px ✁ yq˚" x˚✁ Spyq˚for all y P U q pgq, and as the elements k αr are self-adjoint, it is sufficient to prove (2.5).
Let a P PolpG q {K S,be such that a✁L λ " q´p λ,ωq{2 a for all λ P P , so that a is of weight ω. Then a ✁ E r is of weight ω`α r . In particular, xr is of weight α r . Recalling the definition of xr we conclude, upon multiplying by k´4 ωr on the right, that (2.
But this identity follows from pk´4 ωr a´q´2 pωr,ωq ak´4 ωr q ✁ E r " 0 using that pbcq ✁ x " pb ✁ x p1q qpc ✁ x p2q q. Lemma 2.11. There is a unital homomorphism Ψ : U q pbq Ñ PolpG q {K S,ext such that ΨpL ω q " k ω and ΨpE r q " xr for all ω P P and r P I.
Proof. Since xr is of weight α r , it is clear that Ψ is well-defined as a homomorphism ofŨ q pbq. It follows that we can define a right action ofŨ q pbq on PolpG q {K S,ext by x đ y " ΨpSpy p1xΨpy p2q q.
Write π :Ũ q pbq Ñ U q pbq for the quotient map. From Lemma 2.10 we easily infer that x ✁ πpyq " x đ y for x P PolpG q {K S,and y P tL ω , E r u ĎŨ q pbq. It then follows that this identity holds for arbitrary y. In particular, by definition (2.2) of k´4 ωs we have that for r ‰ s, up to scalar factors,
But F 1´ars r F s ph ωs b h ωs q is a multiple ofh ωs b pF 1´ars r F s h ωs q. As F r h ωs " 0, we have
Hence Ψ preserves the Serre relations and descends to U q pbq.
Since xŕ " pxr q˚, this also gives the following.
Corollary 2.12. There is a unital homomorphism
Ψ : U q pb´q Ñ PolpG q {K S,ext such that ΨpL 1 ω q " k´ω and ΨpF r q " xŕ . To show that Ψ : U q pb˘q Ñ PolpG q {K S,ext defines a homomorphism of U q pg; Sq it remains to find the commutation relations between the elements xr and xś . Lemma 2.13. For r ‰ s, we have rxr , xś s " 0.
Proof. For r ‰ s, since E s ph ωr b h ωr q " 0, we have k´4 ωr ✁ F s " 0. Hence
Writing out the left hand side by means of the definition of xr and Lemma 2.10, we arrive at the commutation of xr with xś .
The case r " s is more complicated. We start with the following.
Lemma 2.14. The element
is central in PolpG q {K S,ext .
Proof. Take x P PolpG q {K S,q q. Then
Writing this out using Lemma 2.10 and the known commutations between the elements k ω and xr and xŕ , we obtain that (2.7) commutes with all x P PolpG q {K S,q q. As (2.7) clearly commutes with all k ω , we have in fact that (2.7) is central in PolpG q {K S,ext .
Corollary 2.15. There exist ε r P R such that
Proof. Write z " k´8 ωr`4αr pk´2 αr rxr , xŕ s`pq r´q´1 r q´1k´4 αr q.
Then z P PolpG q {K S,q q, and by Lemma 2.14, we have zxk´8 ωr`4αr " k´8 ωr`4αr xz for all x P PolpG q {K S,q q. Note also that k´8 ωr`4αr P PolpG q {K S,q q. As θ w is an irreducible representation of PolpG q {K S,q q, we deduce that z is a scalar multiple of k´8 ωr`4αr . This implies that there exist ε r P C as in the statement of the corollary. As the left hand side is clearly self-adjoint, it follows that ε r P R.
It remains to show that ε r " 1 ifᾱ r P S and ε r " 0 ifᾱ r R S. By Corollary 1.8, for any m ě 0, the operator θ w pUpF m r h λ , h w´1λis of weight mα r . Furthermore, by the same corollary we know that the operators θ w pUph λ , h w´1λand θ w pUph λ , h w´1λ q˚q for λ P P`behave as k´2 λ with respect to commutation relations with θ w pUpF m r h λ , h w´1λ(in fact, they even coincide with k´2 λ up to phase factors by the proof of Proposition 1.7(2)). Using this we get rxr , xŕ s " q´1 r pq´1 r´q r q´2 " θ w pUpF r h ωr , h w´1ωr qUpF r h ωr , h w´1ωr q˚q θ w pUpF r h ωr , h w´1ωr q˚UpF r h ωr , h w´1ωr‰ k 4ωr´2αr .
By (1.3) we also have
UpF r h ωr , h w´1ωr q˚" q r q´p ρ,ωr´w´1ωrq UpF r h ωr ,h w´1ωr q. Proof. Define an involution on I by αr "ᾱ r .
Assumeᾱ r R S. In this case the equality ε r " 0 follows immediately from (2.9), sincē ω r " ωr P P pS c q and so w´1ω r is already the lowest weight of V ωr , whence pR´1´1qph w´1ωr b h w´1ωr q " 0.
Turning to the caseᾱ r P S, assume first that S " tᾱ r u. Then w " w 0 sr " s r w 0 and w´1ω r " srw 0 ω r "´srωr "´ωr`αr. In particular, up to a phase factor, h w´1ωr equals Erh w 0 ωr . It follows that pR´1´1qph w´1ωr b h w´1ωr q " pqr´q´1 r qh w 0 ωr b h w 0 ωr .
Then, since F r h ωr coincides with h srωr up to a phase factor, (2.9) becomes θ srw 0 pUph srωr , h w 0 ωr q˚Uph srωr , h w 0 ωr" ε r k´4 ωr`4αr .
By results of [17] (we used similar arguments in the proof of Proposition 1.7(2)), the operator on the left hand side can be explicitly computed. In particular, we know that e bplpw 0 q´1q 0 is an eigenvector of this operator with eigenvalue 1. But the same is true for the operator k´4 ωr`4αr . Hence ε r " 1.
Consider now the case of an arbitrary S containingᾱ r . Denote by v w the vector e blpwq 0 P H w . Since xr is of weight α r , so that k´λxr " q´p λ,αrq{2 xr k´λ, and v w is an eigenvector of k´λ with the largest eigenvalue 1 for λ P P`, we have xr v w " 0. This together with Corollary 2.15 implies that the equality ε r " 1 is equivalent to xŕ v w " 0, which by (2.4) is, in turn, equivalent to θ w pUpF r h ωr , h w´1ωr qq˚v w " 0. (2.10)
We want to show that this follows from the case S " tᾱ r u considered above, which implies that θ srw 0 pUpF r h ωr , h srw 0 ωr qq˚v srw 0 " 0. (2.11)
Recall that w S,0 denotes the longest element in W S . Put u " w S,0 sr, so that s r w 0 " wu and lps r w 0 q " lpwq`lpuq. Choosing an orthonormal basis tξ j u j in V ωr , we have θ srw 0 pUpF r h ωr , h srw 0 ωr qq˚v srw 0 " ÿ j θ w pUpF r h ωr , ξ j qq˚v w b θ u pUpξ j , h srw 0 ωr qq˚v u .
Therefore in order to deduce (2.10) from (2.11) it suffices to show that pθ u pUph w´1ωr , h srw 0 ωr qq˚v u , v u q ‰ 0 and pθ u pUpξ, h srw 0 ωr qq˚v u , v u q " 0 for ξ orthogonal to h w´1ωr . As we already discussed after Definition 2.1, the vector h w´1ωr is a highest weight vector of the U q pk S q-module V " U q pk S qh w 0 ωr . Since we also have h srw 0 ωr P V and θ u is defined using the homomorphism PolpGÑ PolpK S,q q, we thus see that the problem at hand is entirely about K S,q . So without loss of generality we may assume that S " Φ`(of course, our original problem of computing ε r is trivial in this case).
Thus we have to show that pθ w 0 sr pUph ωr , h srw 0 ωr qq˚v w 0 sr , v w 0 sr q ‰ 0 and pθ ω 0 sr pUpξ, h srw 0 ωr qq˚v ω 0 sr , v ω 0 sr q " 0 for ξ orthogonal to h ωr . The first claim follows from Proposition 1.7 (2) . For the second, consider a weight vector ξ P V ωr with wtpξq ‰ ω r . Then by Corollary 1.8 the operator θ ω 0 sr pUpξ, h srw 0 ωr qq˚is of weight wtpξq´ω r ‰ 0 with respect to the operators k λ defined for S " tαru. Hence θ ω 0 sr pUpξ, h srw 0 ωr qq˚maps any joint eigenvector of k λ , λ P P , into an orthogonal vector. This proves the second claim.
This lemma finishes the proof of the existence of a unital homomorphism Ψ : U q pg; Sq Ñ PolpG q {K S,ext such that ΨpL ω q " k ω , ΨpE r q " xr , ΨpF r q " xŕ . Clearly, this homomorphism is˚-preserving.
Lemma 2.10 and the relations in U q pg; Sq imply that the right action of U q pgq on the algebra PolpG q {K S,extends to an action on PolpG q {K S,ext defined by a ✁ L ω " k´ωak ω , a ✁ E r "´q r xr ak αr`kαr axr , a ✁ F r "´q´1 r xŕ ak αr`kαr axŕ .
In fact, this is basically the content of Lemmas 2.11-2.14. With respect to this action the homomorphism Ψ : U q pg; Sq Ñ PolpG q {K S,ext becomes U q pgq-equivariant.
By [2, Proposition 3.2] the subalgebra U q pg; Sq fin Ď U q pg; Sq is generated by the elements L´4 λ , λ P P`, as a right U q pgq-module. Since by Proposition 2.3 the elements k´4 λ generate PolpG q {K S,as a right U q pgq-module, it follows that ΨpU q pg; Sq fin q " PolpG q {K S,q q. Since PolpG q {K S,ext is generated by PolpG q {K S,and the elements k ω , ω P P , we finally conclude that Ψ : U q pg; Sq Ñ PolpG q {K S,ext is surjective. This completes the proof of Theorem 2.8.
